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The Clauser-Horne-Shimony and Holt inequality applies when measurements with binary out-
comes are performed on physical systems under the assumption of local realism. Testing such
inequalities in the quantum realm usually involves either measurements of two–valued quantum
observables or pre-defining a context dependent binning procedure. Here we establish the condi-
tions to test the Clauser-Horne-Shimony and Holt inequality using any quantum observable. Our
result applies to observables with an arbitrary spectrum and no prior knowledge of their underlying
Hilbert space’s dimension is required. Finally, we demonstrate the proposed general measurement
strategy, that can be seen as positive operator valued measurements performed on the system, using
the formalism of modular variables applied to the transverse degrees of freedom of single photons.
PACS numbers:
I. INTRODUCTION
The Bell inequality was derived in 1964 [1] in response
to the A. Einstein, B. Podolski and N. Rosen paradox
[2], attempting to answer to the question: can quantum-
mechanical description of physical reality be considered
complete? By using the hypotheses of locality and real-
ism, as used in [2], J. S. Bell, and later on, J. Clauser,
M. Horne, A. Shimony and R. Holt (CHSH) [3] could
establish an inequality that must be observed for mea-
surements with binary outcomes performed on classical
systems, even when one admits the hypotheses of local
hidden variables (LHV) evoked in [2]. The interest of the
CHSH inequality compared to the original Bell inequality
is that it is easier to be tested experimentally, as demon-
strated using quantum two–dimensional systems, such as
the polarization of a photon [4] or spin 1/2 systems [5].
The violation of the CHSH inequality can also serve as a
benchmark for the quality of the entanglement produced
by two–dimensional systems [6, 7].
The CHSH inequality involves correlations between
measurements by two observers, a and b that can be ex-
pressed in terms of probabilities of obtaining two out-
comes ±1. It was shown in [8, 9] that this two valued
binning, naturally present when observables with only
two possible eigenvalues are measured, is essential in the
derivation of the CHSH inequality. Measuring and ma-
nipulating multi-valued and continuous quantities can
also lead to inequalities testing the possibility of LHV
theories to explain non-locality [10–12], but these are not
the scope of the present work.
In the present paper, we address the following prob-
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lem: what are the conditions an observable must satisfy
to be used in a test of a CHSH inequality, which can
be violated for some particular quantum states showing
that quantum correlations are stronger than those arising
form LHV theories?
This paper is organized as follows: in section II we
recall the CHSH inequality and then move to the main
result of this paper, showing that any observable can be
used to test a CHSH inequality. Our results can be in-
terpreted using Positive Operator Valued Measurements
(POVM) for each observer, naturally creating a binary
statistics that can be used to test, and for some states,
violate, a CHSH inequality. We then discuss in section
III how our results can be used to test the CHSH inequal-
ity with no prior knowledge of the dimensionality of the
Hilbert space of the measured observable. Section IV
is devoted to a demonstration of the proposed measure-
ment strategy using the formalism of modular variables
applied to transverse degrees of freedom of single pho-
tons. Finally, we conclude in Sec. V.
II. THE CHSH INEQUALITY
In the CHSH inequality, two physical quantities, Asa
and Bsb , are measured by observers a and b in different
experimental settings sα = φ
(i)
α where i determines a
setting and α = a, b. To create a different experimental
setting, some parameter of the experiment is modified,
without altering the fact that only two values, ±1, can
be assigned to the measured quantity. The correlations
appearing in the CHSH inequality are in the form:
〈AsaBsb〉 = E(φ(i)a , φ(j)b ) = P i,j+++P i,j−−−P i,j+−−P i,j−+, (1)
where P i,jk,l is the joint conditional probability that a and
b observe the value k, l = ±1 when A
φ
(i)
a
and B
φ
(j)
b
are
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2measured in the i, j-th setting. These joint probabilities
fulfill the normalization condition P i,j++ + P
i,j
−− + P
i,j
+− +
P i,j−+ = 1, for all settings i,j.
Using (1), the CHSH inequality can be written as:
|E(φ(1)a , φ(1)b ) + E(φ(1)a , φ(2)b ) + E(φ(2)a , φ(1)b )− E(φ(2)a , φ(2)b )|〉| ≤ 2. (2)
It was shown in [8, 9] that the CHSH inequality demands
that the statistics of the measurement outcomes of Asa
and Bsb are associated to some two–valued binning. By
such, we mean that it is mandatory that correlation func-
tions can be written as in (1), which is a direct conse-
quence of the fact that, for each party, the expectation
value of, say, Asa can be written as 〈Asa〉 = P+ − P−,
where 0 ≤ P± ≤ 1 and P+ + P− = 1.
In the quantum formalism, the physical quantities
Asa and Bsb become hermitian operators (observables):
Asa → Aˆsa and Bsb → Bˆsb . The first observables that
appeared as natural candidates to test Eq. (2) were quan-
tum two-dimensional ones, that can be constructed from
the three Pauli matrices, σˆα, α = x, y, z. Measurement
of the Pauli operators in any direction of space can only
return the values ±1 with some probability that can be
directly associated to the probability P± of obtaining one
of the two eigenstates of Aˆsa (or Bˆsb).
Less intuitive examples of two–valued observables that
can be measured for states in Hilbert spaces of higher
dimensions can be constructed by dichotomization [13–
17]. This strategy allows the testing and violation of the
CHSH inequality using a two-valued binning of exper-
imentally accessible continuous variable measurements.
One example of a dichotomic observable is the displaced
parity operator whose expectation value can be directly
associated with the Wigner function [13, 18–20]. Further-
more, a test of the CHSH inequality for high dimensional
discrete and continuous systems was proposed in [16] by
binning local measurement outcomes. The same authors
generalized the parity-based approach in [13] in order to
test the CHSH inequality in terms of a parametrized set
of quasiprobability functions including the Wigner func-
tion as limiting case. Another state-dependent binning
procedure was proposed in [21] by assigning binary prob-
abilities to continuous measurement outcomes lying in
some pre-defined regions of the phase space. Finally, in
[22], a measurement strategy based on auxiliary two-level
systems was devised to transfer information of contin-
uous variables states to observables with a two–valued
spectrum.
The above strategies to test the CHSH inequality aim
at explicitly identifying P± to probabilities of projective
measurement outcomes. However, this leads to exces-
sively restrictive conditions to observables Aˆsa or Bˆsb ,
that are required to have specific spectral properties.
Such restrictions not only reduce the space of states that
can violate a CHSH inequality but also the possible ex-
perimental set-ups that are suitable to test it.
From the experimental point of view the ideal situa-
tion would be as follows: suppose that observers, a and
b are capable of measuring observables χˆa and χˆb with
an arbitrary spectrum that is not necessarily known; is it
possible to design a strategy for a and b to test a CHSH
inequality using measurements of such observables, with-
out resorting to dichotomization or to a binning proce-
dure? We show that it is indeed possible to test a CHSH
inequality using observables with an arbitrary spectrum
if one realizes that equation (2) merely involves binary
correlations between measurement results, and only the
expectation values of observables are relevant, not their
spectrum. This possibility is interesting not only because
it renders CHSH inequality tests accessible to any ex-
perimental set-up, but also because it helps designing
loophole-free experimental tests the CHSH inequality.
In order to obtain a binary statistics in the quantum
realm, requiring that observables Aˆsa and Bˆsb have a
two-valued spectrum is a too strong demand, since (2) in-
volves probabilities only. Testing (2) demands designing
experiments simply reproducing the same type of statis-
tics as in (1) but such experiments can, in principle, in-
volve systems with an arbitrary Hilbert space dimension.
Thus, observables Aˆsa and Bˆsb must merely be such that〈
Aˆ
φ
(i)
a
Bˆ
φ
(j)
b
〉
= E(φ(i)a , φ
(j)
b ) = P
i,j
++ +P
i,j
−−−P i,j+−−P i,j−+,
(3)
∀ i, j. A combination of four such values with different
settings i, j (i, j = 1, 2), as in (2), leads to a violation
of the inequality (2) for some entangled quantum states
|Ψ〉. We will see that the condition such observables must
satisfy does not necessarily require a known a priori bin-
ning process, and that the previous cited examples of
two–valued observables are particular cases of the gen-
eral operators we obtain.
We start by considering a single party operator, Aˆsa
and the same reasoning will be applied to Bˆsb . Since
our basic requirement is that 〈Aˆsa〉 = P+ − P− with
P+ + P− = 1, there exists a ϕ such that 〈Aˆsa〉 = cosϕ,
P− = sin2 ϕ2 and P+ = cos
2 ϕ
2 . Meaning that, if we
are able to measure an arbitrary observable χˆa, with
eigenstates defined as |χa〉 and eigenvalues χa such that
χa mod 2pi = ϕ, we can construct any unitary operator
Dˆsa =
∫ 2pi
0
dχae
if(χa)Pˆ (χa), where f(χa) is an arbitrary
function and Pˆ (χa) is the projector onto the eigenspace
associated to a value of eif(χa). In the present paper,
3for simplifying reasons, we will focus on the case where
f(χa) = χa. We thus define the real part of Dˆsa as:
Aˆsa =
∫ 2pi
0
dχa cosχaPˆ (χa). (4)
In (4) we considered the most general case, where Aˆsa
has a continuous spectrum. Operators with a discrete
spectrum can be written in a form analogous to (4) by
replacing the integral by a sum over the discrete eigen-
states of Aˆsa . For instance, Pauli matrices are a particu-
lar case of (4). In this case, there are only two eigenstates
|χ(j)a 〉, j = 0, 1, with eigenvalues cos (θ + (−1)jpi/2). For
any value of θ, a proper normalization recovers the Pauli
matrices with spectrum ±1.
Our results can be interpreted in terms of a two valued
POVM, Eˆ±, such that
Eˆ± =
1
2
(1± Aˆsa), (5)
Indeed, since the spectrum of Aˆsa is in [−1, 1], Eˆ± are
positive operators, and by construction, Eˆ− + Eˆ+ = 1
and Eˆ+ − Eˆ− = Aˆsa . Therefore the probabilities P± =
〈Eˆ±〉 fulfill the required relations : P+ − P− = 〈Aˆsa〉
and P− + P+ = 1. Using Eq. (4), we have that Aˆsa =
(Dsa + D
†
sa)/2 and the POVM Eˆ± can thus be written
as:
Eˆ± =
1
4
(1± Dˆ†sa)(1± Dˆsa), (6)
while the case of binary projective measurements is re-
covered when Dˆsa is hermitian. Correlations between the
outcomes of measurements of Aˆsa and Bˆsb in the form
(4) can be constructed as:
Pk,l =
1
4
(
1 + k〈Aˆsa〉+ l〈Bˆsb〉+ kl〈AˆsaBˆsb〉
)
, (7)
k, l = ±1, directly leading to (3), without the need of
a prior choice of a binning procedure, dramatically sim-
plifying experimental tests of the CHSH inequality. This
formulation is a special case of the more general fact that
the expectation value of any bounded observable can be
expressed in terms of a binary POVM [41].
Considering such general form is interesting because
it opens the perspective of testing CHSH inequalities in
any measurable quantum system: once one knows how to
measure the probability of finding a quantum system in
the eigenstates |χa〉 of an arbitrary measurable observ-
able χˆa, operators as (4) can be constructed, leading to
the test of a CHSH inequality using (7). In many experi-
mental systems, it appears that projective measurements
are not accessible. In [23] it was suggested that parity
measurements [13] could lead to violation of the CHSH
inequality. However, the state of the art of this set-up
is far from enabling such projective measurements [24],
and only POVMs are accessible.
A consequence of the presented results is that knowing
the general form (4) allows testing a CHSH inequality
with no a priori information about the Hilbert space di-
mension of the system to be measured and on possible
binning or dichotomization procedures. By measuring
an observable in the form (4) in some experimentally ac-
cessible basis |χa〉, one is sure to be able to test a CHSH
inequality without requiring any other information about
the system. This point will be further discussed in the
next section, where we consider a situation where one
does not know, a priori, the Hilbert space dimension of
the measured observable.
III. ILLUSTRATION USING MEASUREMENTS
PERFORMED TO OBSERVABLES OF
UNKNOWN DIMENSION
In order to illustrate this fact and the power of our
results, we consider the following situation: suppose that
each one of the observers a and b has a measuring appa-
ratus that correlates some physical property of a quan-
tum system to its position and then measures it. The
measurement of the referred quantum property is thus
indirectly performed by collecting statistics about the
quantum system’s position. This scenario is probably the
most current in physics, corresponding to Stern-Gerlach
(SG) type experiments [25], measurements of the spec-
trum of a multi-mode field using a diffraction grating, the
Mach-Zehnder interferometer, among many others. If the
referred physical property is associated to an observable
with unknown dimension, as was the case of the first
SG experiment, no assumption can be made, a priori,
on the possible outcomes of the position measurements.
In order to be even more general, one can suppose that
the way correlations are created between position and
the physical quantity to be measured is also unknown.
Thus, observers a and b, when inspecting the position
probability distribution that is measured by their appa-
ratuses, have simply no idea of what type of results they
can find. Using the present formulation, even in this ex-
tremal case, there exists a strategy enabling, in principle,
the violation of the CHSH inequality (2).
This scenario can be expressed mathematically as fol-
lows: we consider first the case of a single party system
and then extend our results to the bipartite case. The
initial state of the system is given by
|ψ〉|xo〉 =
∫ ∞
−∞
dsf(s)|s〉|xo〉, (8)
where |s〉 is a complete basis describing the property that
is being measured. xo is the position measurement result
when no correlation is created between position and some
property of |ψ〉. In the case of a SG experiment, for in-
stance, |s〉 would be the different projections of the spin
into a given axis. Before the realization of this exper-
iment, it was believed that this quantity could assume
a continuity of values, and the description in (8) is the
4most general one in this case. Of course, after the SG ex-
periment, a specific discrete form was inferred for f(s).
Starting from (8) we create correlation between position
and some property of |ψ〉, that will be labeled ψs. The
system’s state becomes:∫ ∞
−∞
dψs|ψs〉|x(ψs)〉, (9)
where |ψs〉 =
∫∞
−∞ dsfψs(s)|s〉 and
∫∞
−∞ dψs|ψs〉 =∫∞
−∞ dsf(s)|s〉. In order to illustrate (9) we can think
of the example of perfect correlation between position
|s〉. In this case, fψs(s) = f(ψs)δ(s−ψs). This situation
describes the SG experiment or diffraction by a grating.
Another situation would be the one of parity measure-
ments, i.e., when position becomes correlated to the par-
ity of the state. Then, by writing f(s) = fo(s) + fe(s),
where fo,e(s) are the odd/even parts of f(s), the sys-
tem’s state is split in two according to its parity, and
there are only two states |ψs〉: fψs(s) = fo,e(s). Cor-
relations between parity and position can be created in
optical systems, for instance, by using an orbital angu-
lar momentum sorter [26]. The previous cases are ex-
treme examples, illustrating either perfect or binary cor-
relation. Both extremes, and all the intermediate cases
are covered by the present formalism, even of one does
not know what type of correlations are created between
position and some property of the system. Since a and b
are realizing position measurements, in order to be able
to test (2), they can use an operator as (4) in the position
basis, irrespectively of the type of information position
measurements bring from the quantum system.
An example of an unitary operator in the position basis
is Uˆ =
∫∞
−∞ e
ix 2pi` |x〉〈x|, where ` is some number with the
dimension of a length. Uˆ is infinitely degenerated, since
its eigenvalues are ` periodic. The integral over the whole
space can be replaced by an integral over one period and
an infinite sum if one defines the following notation: let
x¯ = x mod ` and |x˜〉〈x˜| = ∑∞n=0|x¯ + `n〉〈x¯ + `n| [27].
Then, Uˆ can be written as:
Uˆ =
∫ `
0
dx¯eix¯
2pi
` |x˜〉〈x˜|. (10)
By identifying Uˆ with Dˆsa , we have that
Aˆsa =
∫ `
0
dx¯ cos (x¯2pi/`)|x˜〉〈x˜|
=
∫ `/2
0
dx¯ cos (x¯2pi/`)σˆz(x˜), (11)
where σˆz(x˜) = |x˜〉〈x˜| − |x˜ + `/2〉〈x˜ + `/2| [28]. This is
an example of an observable in the form (4) in the po-
sition basis that can reveal the binary statistics required
for testing CHSH inequalities. We now compute its ex-
pectation value using the general state (9). For this, we
re-express (9) using that x(ψsa) = x¯(ψsa) + 2pin(ψsa),
leading to
〈Aˆsa〉 =
∫ `
0
dx¯(ψsa) cos(x¯(ψsa)2pi/`)p(x¯(ψsa)). (12)
where p(x¯(ψsa)) =
∑
n(ψsa )
∫∞
−∞ dsa|fψsa (sa)|2 and the
limit of the sum can in principle go to infinity. Expres-
sions analog to (12) can be created to 〈Bˆsb〉 and 〈AˆsaBˆsb〉.
However, in this last case, one would have to compute the
coincidence position measurements of a and b. In this bi-
partite case, the initial state is
|Ψ〉|xo〉|yo〉 =
∫ ∞
−∞
∫ ∞
−∞
dsadsbf(sa, sb)|sa〉|sb〉|xo〉|yo〉,
(13)
where |yo〉 is the position of the particle detected by ob-
server b. Following the same principles as before, correla-
tions between position and the physical quantities mea-
sured by a and b are given by:∫ ∞
−∞
∫ ∞
−∞
dψsadψsb |ψsa〉|x(ψsa)〉|ψsb〉|y(ψsb)〉, (14)
where |ψsa〉|ψsb〉 =
∫∞
−∞
∫∞
−∞ fψsa ,ψsb (sa, sb)|sa〉|sb〉dsadsb
and
∫∞
−∞
∫∞
−∞ dψsadψsb |ψsa〉|ψsb〉 =∫∞
−∞
∫∞
−∞ dsadsbf(sa, sb)|sa〉|sb〉 = |Ψ〉. We can
thus write
〈AˆsaBˆsb〉 =
∫ `
0
∫ `
0
dx¯dy¯(ψsa)dy¯(ψsb) cos(x¯(ψsa)2pi/`) cos(y¯(ψsb)2pi/`)p(x¯(ψsa), y¯(ψsb)), (15)
where p(x¯(ψsa), y¯(ψsb)) =∑
n(ψsa ),n(ψsb )
∫∞
−∞
∫∞
−∞ dsadsb|fψsa ,ψsb (sa, sb)|2 [29].
We can notice that the presented results are quite
general and do not depend on the specific form of the
function fψsa ,ψsb (sa, sb), describing how correlations
between the observable to be measured and position are
created.
Eq. (15) corresponds to an arbitrary experimental set-
ting sa, sb. In (2) one must be able to change settings
and compare correlations between the measurement re-
sults in different settings. This can be done by apply-
ing an unitary operation to the measurement apparatus,
5which is formally equivalent to applying it to the ini-
tial state |Ψ〉 while keeping the measurement apparatus
unchanged. Correlations between measurements in dif-
ferent settings can be combined, as in (2), so as to test
the CHSH inequality for a system whose Hilbert space
dimension is unknown. In this scenario, if one supposes
that observers blindly compute the quantity (15) for each
setting without necessarily observing the statistics of po-
sition measurements in detail, it would be possible to
violate the CSHS inequality without discovering that the
spin projections are two-valued quantities, in the case of
a SG experiment.
We now discuss a specific example, showing how mea-
surements on the transverse degrees of freedom of photon
pairs can be handled using our ideas so as to lead to the
violation of the CHSH inequality.
IV. EXAMPLE: CHSH INEQUALITY
VIOLATION USING THE TRANSVERSE
DEGREES OF FREEDOM OF PHOTONS
A. Modular variables formulation
We illustrate our recipe for testing CHSH inequalities
in arbitrary dimensions using the formalism of modular
variables [27, 28]. Therefore, we split the position and
momentum operator into a discrete and a modular part:
xˆ = ˆ¯x+ Nˆ`,
pˆ = ˆ¯p+ Mˆh/`, (16)
where Nˆ (Mˆ) has integer eigenvalues, and ˆ¯x = xˆ mod `
(ˆ¯p = pˆ mod h/`) represents the modular position (mo-
mentum) operator with eigenvalues x¯ ∈ [0, `[ (p¯ ∈
[0, h/`[). As in Sec. III, ` is an arbitrary length
scale that can be chosen later on according to some
property of the physical system under consideration.
Since the modular position and momentum opera-
tor commute [27], we can define a common set of
eigenstates |{x¯, p¯}〉 =
√
`
h
∑+∞
n=−∞ e
ip¯n`/h¯|x¯ + n`〉 =√
1
` e
−ip¯x¯/h¯∑+∞
m=−∞ e
−i2pimx¯/`|p¯ + mh/`〉, referred to as
modular eigenstates. In the following, we will express all
operators and states in terms of the modular basis.
In order to test the CHSH inequality using the posi-
tion measurements, as exemplified in Sec. III, we use the
operator (11) which, in the modular basis, reads:
Aˆ0 =
∫ `/2
0
dx¯
∫ h/`
0
dp¯ cos (x¯2pi/`)σˆz(x¯, p¯), (17)
where σˆz(x¯, p¯) = |{x¯, p¯}〉〈{x¯, p¯}| − |{x¯ + `/2, p¯}〉〈{x¯ +
`/2, p¯}|. Furthermore, to specify different measurement
settings φa we define the transformed operator Aˆφa =
Uˆ†(φa)AˆsaUˆ(φa), using the continuous set of unitaries
Uˆ(φa) = e
ipˆ2 `
2
h2
φa . Specifically, by choosing φa = pi/2,
we get:
Aˆpi
2
=
∫ `/2
0
dx¯
∫ h/`
0
dp¯ cos (x¯2pi/`− p¯`/(2h¯))σˆy(x¯, p¯),
(18)
where σˆy(x¯, p¯) = i|{x¯ + `/2, p¯}〉〈{x¯, p¯}| − i|{x¯, p¯}〉〈{x¯ +
`/2, p¯}|. Now, according to Sec. II, we use the operators
(17) and (18), to define the Bell operator:
Bˆ = Aˆ0 ⊗ Bˆ0 + Aˆ0 ⊗ Bˆpi2 + Aˆpi2 ⊗ Bˆ0 − Aˆpi2 ⊗ Bˆpi2 . (19)
where we used capital letters to distinguish between sys-
tem A and B. Candidates of states for which the expec-
tation value the operator (19) violates the local-realism
threshold of 2 can be found by diagonalizing the operator
Bˆ(x¯a, p¯a, x¯b, p¯b) = σˆz(x¯a, p¯a) ⊗ σˆz(x¯b, p¯b) + σˆz(x¯a, p¯a) ⊗
σˆy(x¯b, p¯b)+σˆy(x¯a, p¯a)⊗σˆz(x¯b, p¯b)−σˆy(x¯a, p¯b)⊗σˆy(x¯b, p¯b),
in the basis {|{x¯a + i`/2, p¯a}〉⊗ |{x¯b + j`/2, p¯b}〉}, where
i, j = 0, 1. This yields two nonzero eigenvalues ±2√2
and the corresponding eigenvectors:
|ψ±(x¯a, p¯a; x¯b, p¯b)〉 = 1
N±
[|{x¯a, p¯a}〉|{x¯b, p¯b}〉+ |{x¯a + `/2, p¯a}〉|{x¯a + `/2, p¯a}〉
± i(
√
2∓ 1) (|{x¯a, p¯a}〉|{x¯a + `/2, p¯a}〉+ |{x¯a + `/2, p¯a}〉|{x¯a, p¯a}〉)], (20)
where N± = 2(2∓
√
2)1/2. These nonnormalizable states
violate the CHSH inequality maximally for the choice
x¯a/b = 0, `/2 and p¯a/b = 0, yielding 〈Bˆ〉 = ±2
√
2. Fur-
thermore, we can construct physically meaningful states
that still yield a large amount of violation by continu-
ously superposing the states in Eq. (20) with localized
wave packets centered sufficiently near to the positions
for which the maximum violation occurs. An example of
such a state is:
|Ψ〉 =
∫∫ `/2
0
dx¯adx¯b
∫∫ `
0
dp¯adp¯b
× fa(x¯a, p¯a)fb(x¯b, p¯b)|ψ+(x¯a, p¯a; x¯b, p¯b)〉 (21)
where fa/b(x¯a/b, p¯a/b) are normalized wave packets
with support contained in [0, `/2[×[0, h/`[. We note,
6that the wave function 〈{x¯a, p¯a}|〈{x¯b, p¯b}|Ψ〉 on the
whole modular space [0, `[2×[0, h/`[2, is not equal to
fa(x¯a, p¯a)fb(x¯b, p¯b), but according to Eq. (21) also in-
volves the definition of |ψ(x¯a, p¯a; x¯b, p¯b)〉. In the follow-
ing, we use, as example, the wave function of spatially en-
tangled photon pairs that have passed through diffraction
gratings. As we will show in the Sec. IV B, such a wave
function can, in the modular representation, be repre-
sented by a product of two Gaussians together with peri-
odic boundary conditions on the domain [0, `/2[×[0, h/`[:
fa/b(x¯a/b, p¯a/b) ∝ e−(x¯a/b−ax¯)
2/(2σ2x¯)e−(p¯a/b−ap¯)
2/(2σ2p¯),
(22)
where σx¯/p¯ and ax¯/p¯ denote the width and position of the
wave function in the modular position and momentum.
In Fig. 1, we present numerical results of 〈Bˆ〉 as a func-
tion of ax, for different values of the parameters σx, σp
and ap, showing the violation of the CHSH inequality.
We see that, in the case of an infinitely squeezed modu-
lar momentum contribution (σp → 0) centered at ap = 0
(see Fig. 1(a)), the maximum of 〈Bˆ〉 passes the local-
realism threshold if σx¯ <∼ 0.049/`, and approaches the
value of maximal violation (2
√
2) in the limit σx¯ → 0.
Indeed, if we choose fa/b(x¯a/b, p¯a/b) ∝ δ(x¯− ax¯)δ(p¯) we
get 〈Bˆ〉 = 2√2 cos2 (2piax¯/`), and thus 〈Bˆ〉|ax¯=0 = 2
√
2.
Further on, for finite values of the modular momentum
width σp¯ and position ap¯ (see Fig. 1(b)), the maximum
of 〈Bˆ〉 is reduced but still violates the threshold 2√2 if
σx¯ <∼ 0.039/`. The asymmetry of 〈Bˆ〉 with respect to ax¯,
in Fig. 1(b), originates from the p¯ dependency of the co-
sine in Eq. (18) which in the former case (see Fig. 1(a)),
for ap¯ = 0 and σp¯ → 0, does not play a role.
In the next Section, we will outline how the above de-
scribed Bell test can be performed experimentally using
measurements on the transverse degrees of freedom of
photon pairs.
B. Proposal of experimental implementation using
the transverse degrees of freedom of photon pairs
The mathematical structure of the spatial multimode
field of a single photon reveals a perfect analogy with that
of a single mode of the electromagnetic field containing
a large number of photons [37]. In particular, due to
the richness of optical elements and devices available in
state of the art quantum optics experiments, the trans-
verse degrees of freedom of a photon are an interesting
playground for the implementation of quantum informa-
tion applications [43, 44]. In this section, we employ the
transverse degrees of freedom of photon pairs in order
to implement the above described test of the CHSH in-
equality (see Sec. IV A).
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FIG. 1: (Color online) Expectation value of the Bell operator
(19) according to the state (21) as a function of ax¯/`, show-
ing the violation of the CHSH inequality, for (a) a infinitely
squeezed modular momentum distribution (σp¯ → 0) located
at ap¯ = 0, and (b) for the values σp¯ = 0.1`/h, ap¯ = 0.1`/h.
Each line corresponds to a different width of the modular mo-
mentum distribution with increasing order from the uppest
to the lowest line: σx¯ = 0.001/` (blue, uppest), σx¯ = 0.01/`
(red), σx¯ = 0.02/` (green), σx¯ = 0.03/` (purple), σx¯ = 0.04/`
(orange), σx¯ = 0.05/` (pink), σx¯ = 0.06/` (cyan), σx¯ = 0.07/`
(brown), σx¯ = 0.08/` (magenta,lowest). The black curve in
plot (a) shows the function 2
√
2 cos2 (2piax¯/`) and the black
dashed line indicates the local-realism threshold.
1. Measurement of observables
In the paraxial approximation it is convenient to de-
scribe the spatial degrees of freedom of a single photon
state by a transverse wave function providing the prob-
ability amplitude for the detection of the photon in the
transverse plane [37]. Moreover, it is possible to imple-
ment, on this transverse space, a universal set of uni-
tary gates allowing for the approximate construction of
all unitary operations by concatenating these gates. In
order to construct the operators (17) and (18) we only
need two unitary operators from the basic set of contin-
uous unitary gates [36]. Namely, the momentum shift
operator Zˆ(∆p) = eixˆ∆p/h¯, and the single photon prop-
agation Uˆ(φ) = eipˆ
2φ`2/h2 , where xˆ and pˆ represent the
transverse position and momentum operators of one of
the two orthogonal transverse dimensions of the single
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FIG. 2: (Color online) (a) Circuit diagram of an interfer-
ometer leading to the measurement of the expectation value
of the operators Aˆφ, according to the state |Ψ〉 by coupling
the continuous state |Ψ〉 to an ancilla qubit. Hˆ represents
the Hadamard gate, and the operators Zˆ(∆p) = eixˆ∆p/h¯ and
Uˆ(φ) = eipˆ
2φ`2/h2 are implemented conditionally depending
on the state of the ancilla. The probabilities pφ± are obtained
by measuring the ancilla in the basis |±〉 = (|0〉±|1〉)/√2. (b)
Optical implementation of the above circuit using a balanced
Mach-Zehnder type interferometer and linear optical elements
acting on the transverse field of the photons. (U1) and (U2)
indicate the free propagation of the photons and (W) a lin-
ear phase shift with ∆p = h/`. The latter can be realized
equivalently using a spatial light modulator (SLM). Here, pφ±
denote the photon counting probabilities for the detection of
a photon in output + or −.
photon, respectively. By combining Uˆ(φ) and Zˆ(∆p), we
can define the operators:
Aˆ0 = Zˆ(h/`) + Zˆ
†
(h/`), (23)
Aˆpi
2
= Uˆ(pi/2)
[
Zˆ(h/`) + Zˆ
†
(h/`)
]
Uˆ†(pi/2), (24)
where we set ∆p = h/` and φ = pi/2. Single unitaries,
Zˆ(h/`) and Uˆ(pi), can be implemented straightforwardly
using linear optical elements and the free propagation of
the photons [37]. However, for the sum of two unitaries
one needs to employ an additional degree of freedom as
the polarization of the photons, or their propagation di-
rection, that can be, for instance, the two paths of an
interferometer. In Fig. 2, we demonstrate how the ex-
pectation value of the operators (23) and (24) can be
measured using a Mach-Zehnder interferometer setup, as
discussed in previous works [38, 39]. We will see that this
can be done by simply counting the arrival of photons in
the outputs of the interferometer yielding the correspond-
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FIG. 3: (Color online) Examples of the plots of (a) the grating
transmission function T (x) with slit distance L and κ such
that σx¯ = 0.01/L, and (b) the single photon transverse wave
function directly after it has passed through the diffraction
grating defined by T (x) and the Gaussian envelope with width
σ = 5/L. A plot of the x¯-dependent part of the modular wave
function Ψ˜P (x¯, p¯) [see Eq. (29)], namely T˜ (x¯), is given by that
of T (x) restricted to the domain [0, L[.
ing photon count probabilities:
pφ± =
1
2
(
1± Re〈Uˆ(φ)Zˆ(h/`)Uˆ†(φ)〉
)
, (25)
with φ = 0, pi, and hence:
〈Aˆφ〉 = pφ+ − pφ−. (26)
Note that the interferometers simply serve as strategy
allowing the performance of the corresponding POVM’s,
Eˆφ± =
1
2
(
1± Re[Uˆ(φ)Zˆ(h/`)Uˆ†(φ)]
)
(compare with
Eq. (6)), on the transverse field of the photons. Fur-
ther on, the measurement of the products 〈Aˆφ⊗ Aˆφ′〉, as
required in the CHSH inequality, can be preformed in an
equivalent manner, using two analogous Mach-Zehnder
interferometers, by counting the photon coincidences in
the four outputs of the two interferometers, leading to
the coincidence probabilities Pφ,φ
′
k,l = 〈Eˆφ,φ
′
k,l 〉, with the
two-partite POVM (see also Eq. (7)):
Eˆφ,φ
′
k,l =
1
4
(
1⊗ 1 + l Aˆφ ⊗ 1 + k 1⊗ Bˆφ′ + kl Aˆφ ⊗ Bˆφ′
)
,
(27)
for k, l = ±1.
2. Preparing spatially entangled states
Next, we explain how entangled states as (21) can
be produced experimentally using the spatial degrees
8of freedom of photon pairs. For that, we first
show how to engineer single photon states in the
form |f〉 = ∫ `/2
0
dx¯
∫ h/`
0
dp¯f(x¯, p¯)|{x¯, p¯}〉 or |f〉 =∫ `/2
0
dx¯
∫ h/`
0
dp¯f(x¯, p¯)|{x¯ + `/2, p¯}〉, with f(x¯, p¯) chosen
according to Eq. (22).
Let us consider the transverse wave function of a single
photon directly after it has passed through an infinitely
extended diffraction grating with slit distance L [42]:
ΨP (x) = T (x)fG(x). (28)
Here, T (x) =
∑∞
m=−∞ cme
i2pimx/L is the L-periodic grat-
ing transmission function, defined through the Fourier co-
efficients cm, such that
∑∞
m=−∞ |cm|2 = 1, and fG(x) =
e−x
2/(2σ2)/(σpi) a Gaussian with width σ accounting for
the finite extension of the single photon wave packet. An
example of T (x) and ΨP (x), for cm = e
−m2κ2/2, is shown
in Fig. 3(a) and (b), respectively. We see that, for this
choice of the coefficients cm, T (x) represents a comb of
Gaussians with width σx¯ = κ
2L2/(2pi)2, and fG(x) a
Gaussian envelope thereof.
Further on, if we assume L/σ  1 the approximation
e−(x¯+nL)
2/(2σ2) ≈ e−(nL)2/(2σ2) becomes permissible and
Eq. (28) transforms to the modular representation as:
Ψ˜P (x¯, p¯) =
√
h
`
T˜ (x¯)C˜(p¯), (29)
where we set ` = 2L, T˜ (x¯) =
∑∞
m=−∞ cme
i4pimx¯/`
is defined by restricting T (x) to the domain [0, `/2[
and C˜(p¯) = 1σpi
∑∞
n=−∞ e
−(n`)2/(2σ2)einp¯`/h¯ represents
a comb of Gaussians in momentum space with width
σp¯ = h
2/(2piσ)2 restricted to the domain [0, h/`[. Equa-
tion (29) is thus nothing but the product of two Gaus-
sians with width σx¯ and σp¯, respectively, and periodic
boundaries on the domain [0, `/2[×[0, h/`[ (compare with
Eq. (22)). Hence, by tuning the parameters κ and σ,
we are able to generate the states |f〉 or |f〉. Thereby,
the theoretical limit σp¯ → 0, as assumed in the calcula-
tions leading to the results presented in Fig. 1(a), of an
infinitely squeezed modular momentum (see Eq. (22)),
corresponds to the idealized situation of an infinitely ex-
tended single photon transverse wave function (σ →∞).
Experimentally, the ratio of κ/σ can be modified by
adjusting the slit width and distance of the diffraction
grating that is used to create the interference pattern.
The transverse location of the grating can be associated
to the position of the interference peaks of the photon’s
wave function (28) with respect to its envelope (see
Fig. 3(b)), and thus to the value of ax¯. And finally,
a nonzero mean modular momentum ap¯, as assumed
in Fig. 1(b), can be achieved by imprinting a position
dependent phase eiap¯n`/h¯, with n` = x − x¯, on the
transverse field of the photon (28). The latter is readily
realized using a spatial light modulator (SLM) whose
action on the photon’s transverse wave function can be
described as eif(xˆ) with a user-defined function f(x).
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FIG. 4: (Color online) Proposed experimental setup to cre-
ate a spatially entangled two photon state |Ψ〉 of the form
(20). L: laser, NC: nonlinear crystals (type I), HWP: half-
wave plate, WP1/WP2: combination of half- and quater-wave
plates, PBS: polarizing beam splitter, G: diffraction grating.
Now, knowing how to prepare the single photon states
|f〉 and |f¯〉, we can use a technique that was previously
proposed in [40], in order to create the spatially entan-
gled state (21) of a photon pair. To this end, we first
use spontaneous parametric downconversion to produce
a polarization entangled state 1√
2
(|H〉a|H〉b + |V〉a|V〉b),
by pumping two adjacent nonlinear crystals (type I) with
a laser beam polarized at 45◦, and, subsequently, bring
it into the form:
|ψpol〉 = 1
N±
[
|H〉a|H〉b + |V〉a|V〉b
± i(
√
2∓ 1) (|H〉a|V〉b + |V〉a|H〉b)
]
, (30)
where N± = 2
√
2−√2, by the correct application of
local unitary transformations on each of the entangled
photons, realized by combinations of half- and quater-
wave plates, as shown in Fig. 4. Thereby, the trans-
verse wave function of the two photons remains in the
separable Gaussian state |ψg〉a|ψg〉b. Next, we have
to swap the entanglement from the polarization to the
transverse degrees of freedom of the photons according
to |H〉a/b|ψG〉a/b → |H〉a/b|f〉a/b and |V〉a/b|ψG〉a/b →
|V〉a/b|f¯〉a/b. This swapping is realized experimentally
using an interferometer with polarizing beam splitters
(see Fig. 4), such that, depending on the polarization of
the photons, the operation |ψG〉 → |f〉 or |ψG〉 → |f¯〉,
with the help of single photon diffraction gratings, can
be performed. One of the two photons must be rotated
before entering the interferometer, in order to assure that
initially H-polarized a-photons will go through the same
arm of the interferometer as H-polarized b-photons. Fi-
nally, one uses half-wave plates oriented at pi/8 in the
path of both photons and polarizing beam splitters in
order to factorize the polarization from the transverse
degree of freedom yielding the desired state (21) condi-
tionally with a 50% probability.
9V. DISCUSSION AND CONCLUSION
We now discuss the natural binning procedure that is
realized by the operator (4). Consider the eigenstates
with maximum (minimum) eigenvalue of the observable
Aˆsa , denoted as |1¯(0¯)〉. In a realistic situation such states
have a normalizable wave function with nonzero width
, which lead, in the limit  → 0, to the expectation
value 〈Aˆsa〉 = 〈1¯(0¯)|Aˆsa |1¯(0¯)〉 = ±1. When considering
quantum systems of arbitrary dimension, it is clear that,
due to degeneracies, an infinity of states, to which we
refer to as {|α〉}, can lead to the same value of P+ −
P−. These states are associated to the same expectation
value 〈Aˆsa〉, and can be regarded equivalent as far as
this quantity is concerned. In this sense, they are also
equivalent to a state |α¯〉 = cosα|0¯〉 + eiβ sinα|1¯〉, where
β is an arbitrary phase, such that
〈Aˆsa〉{|α〉}=P+−P−=〈Aˆsa〉|α¯〉= cos2 α−sin2 α=cos (2α).
(31)
Simple examples of such states are |θ+2pin〉, where n is an
integer. These results can be straightforwardly extended
to the correlations 〈AˆsaBˆsb〉.
In conclusion, we provided the general conditions ob-
servables with an arbitrary spectrum must satisfy to be
suitable to test a CHSH type inequality. We have shown
that dichotomic observables are a particular case of the
formal solution developed here. We also detailed the
situation where observers have access to position mea-
surements only and position is correlated in an unknown
way to some physical property of the system to be mea-
sured. Our results help creating a general environment
for CHSH inequalities tests without the need of compli-
cated state dependent binning procedures or prior knowl-
edge of the physical properties of the system, rendering
CHSH inequalities tests accessible to a broader class of
experimental systems and significantly simplifying their
realization. An interesting perspective is applying the
same principles developed here to other type of inequal-
ities valid under the assumption of local realism, as [10–
12, 35].
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